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Abstract-sufficient conditions for the oscillation of all solutions of perturbed difference equations 
of the form 
A(a,-l&,-~)+Q(n, ~1 =J’(n, yn, Ayn), 
are obtained. Examples are inserted to illustrate the results. 
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1. INTRODUCTION 
Consider the perturbed difference equation of the form 
A (an-1 &z-l) + Q (n, in) = P (n, ~nln, AY,) 
nEN 
7 n E N, (1) 
where N = {1,2,... }, A is the forward difference operator defined by Ayn = yn+l - yn, {a,} is 
a real sequence with a, > 0 for all n 2 0, Q : N x R + R = (--co, oa) and P : N x R2 --f R. 
Our aim in this paper is to obtain sufficient conditions for the oscillation of all solutions of 
equation (1). 
By a solution of equation (1)) we mean a nontrivial sequence {yn} satsifying equation (1) for 
all n 2 0. A solution {y,} of equation (1) is said to be oscillatory if it is neither eventually 
positive nor eventually negative and nonoscillatory otherwise. 
The problem of determining oscillation criteria for second order nonlinear difference equations 
has received a fair amount of attention in the last few years, see for example [l-7] and the 
references cited therein. To a large extent this is due to the realization that difference equations 
are important in applications. 
Hooker and Patula [l] considered the difference equation which is a special case of equation (1) 
A2yn-l + qn Y,” = 0, (2) 
where ct is the ratio of odd positive integers, and obtained criteria for oscillation and nonoscillation 
of all solutions of (2). 
The more general equation of (2) is 
A (an AYE) + qn+l f (yn+l> = 0, (3) 
studied by Kulenovic and Budincevic [2]. An excellent discussion of known oscillation criteria 
and many references can be found in the recent, monograph by Agarwal [8]. 
The author is thankful to Ravi P. Agarwal for the help in preparing this paper. 
309 
Typeset by A,#-w 
310 E. THANDAPANI 
For equations with perturbation terms such as equation (l), relatively few oscillation criteria 
are known, see for example [4,5]. In many instances our results will include, as special cases, 
known oscillation theorems for equations (2) and (3). The results in this paper are discrete 
analogues of some of the results in [9,10] for differential equations. Examples illustrating some 
of our theorems are also inserted. 
Throughout this paper, we will assume that there exist real sequences {qn}, {p,} and a 
function f : R --) R such that 
Uf(U) > 0, for all u # 0, 
f(u) - f(v) = !?(% V)(U - v), for all u, 21 # 0, 
(4) 
(5) 
where g is a nonnegative function, 
Q(n,u) > qn and P(n~ ‘% v) < p 
f(u) - f(u) - n for u,w # 0, (6) 
and 
-g’=m. 
%-1 
2. MAIN RESULTS 
We first begin with the following theorem. 
THEOREM 1. If conditions (4)-(7) hold and 
&In -PA = w 
(7) 
(8) 
then all solutions of equation (1) are oscillatory. 
PROOF. Suppose that {y,} is a nonoscillatory solution of (l), say yn > 0, for all n 2 no E IV. 
Then 
A 
an-l AY,-I 
> 
= P(~,Y,,AY,) _ Q(n,~n) _ a, (Ay,)2 g (Y,~+I, in) 
f (Yrz) f (Yn) f (Y,) f (Yn) f (Yln+1> (9) 
for n > no. Summing the above inequality, we obtain 
wb ano AY,, 
f (Yn+l) 5 f (Yl,cl+1) 
- 2 (49 -I&). 
s=no+l 
By condition (8), there exists an integer nl 2 no such that Ayn < 0, for n 2 nl. Condition (8) 
also implies that there exists an integer n2 2 n1 such that 
for n 2 122. 
Summing equation (1) and using condition (6), we have 
a,&, I anzAYnz - 2 f ha> (qs -Pi) 
s=nz+l 
= anzAynz - f (Yn+l) g (4s -P,) + 2 Af (ys) 2 (qt -Pt) 
s=nzfl s=nz+1 t=nz+1 
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From (5), it follows that yn --) -oo, as n ---t 00, which is a contradiction. The proof is similar 
when {yn} is eventually negative. 
REMARK. Theorem 1 includes a result of [2] as a special case. As an example of Theorem 1, 
consider the equation 
A (nay,-I) + 
3 9n 
2 + T + n2 (1 + y:) 
2-4n ) y-=-$(s), n>_l. 
Choosing f (yn) = yn, we have Q (n, ~4 /Y, 2 z + GW), (p(n, yn, AYA) /(Ye) 5 l/n2, ad so 
all the hypotheses of Theorem 1 are satisfied. That this equation is oscillatory does not appear 
to be deducible from other known oscillation criteria. 
THEOREM 2. Suppose that conditions (4)-(7) hold, and in addition 
liminf 2 (qS - p,) >_ 0, 
7L+ca 
.S=VQ 
for aJJ large no, 
(10) 
(11) 
and 
O” dx J- C-z f(x) <co and --OO dx J- f(x) < 03, for all CY > 0. --Q (13) 
Then all solutions of equation (1) are oscillatory. 
PROOF. Let {yn} be a nonoscillatory solution of equation (l), say yn > 0, for all n > no E N. 
For any integer ni 2 no, summation of (9) yields 
Now, if Ayn >_ 0, for all n >_ nr, then, by condition (10) 
Hence, for all n 1 ni 
and summing, we obtain 
n 
1 O” c cc - a, (qt -pt) 8=7X1 t=s+1 ) < e 4~ < Jyn dz. sznl f (Ys+l) - ynl f(s) 
(14) 
(15) 
This contradicts (13), since the sum on the left diverges. 
If {Ayn} changes signs, then there exists a sequence {nk} + co such that Ayny,, < 0. Choose 
K large enough so that (11) holds. We then have 
an, AYnK anAy, 
f (Yn+l) 5 f (Yn,+l) - s=nK+l 2 (ss - Ps) 
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so 
a,Ay, 
lim sup ___ 
n-+ca f (y,+r) < faiyK,::) + liEs:p 
which contradicts the fact that {Ayn} oscillates. Hence, there exists an integer ns 2 ni such 
that Ayn < 0, for all n 2 n2. Now, condition (11) implies that for any integer ns 2 no, there 
exists n4 2 ng, such that 
71 
for all n 2 n4. Choosing 724 2 ns as indicated, and then summing (l), we have 
anAyn 5 a,,&,, - 2 f(Y.9) (Qs -Ps) 
s=nr+l 
= andAy,, - f(Yn+l) 2 (Qs -P,) 
s=n*+l 
Thus, 
yn+l _ ynr + a,, Ay,, 2 $ < + -al, 
.9=7L4 
as n + oo, contradicting the fact that yn > 0 for all n 2 no. A similar proof holds when {yn} is 
eventually negative. 
COROLLARY 3. If (4)-(7) and (lo)-(12) hold, then ail bounded solutions of equation (1) are 
oscillatory. 
PROOF. Condition (13) was only used in the first part of the proof of the theorem. We had 
yn > 0 and Ay, 2 0 for n 2 nl E N, so, by (5), f (y,) 2 f (y,,) for n 2 nl. From (12) and (15), 
we then obtain a contradiction to the boundedness of {y,}. 
THEOREM 4. If in addition to conditions (4)-(S) and (ll), we assume that 
a dx s- < oo and s --a dx - 0 f(r) 0 f(x) < O”, for every (I: > 0 
and 
--- 
(16) 
(17) 
for every constant M, then all solution of equation (1) are oscillatory. 
PROOF. Suppose that {yn} is a solution of (l), with yn > 0, for n 2 no E N. Since (11) holds, 
we see from the proof of Theorem 2, that {Ay,} cannot change signs for arbitrarily large n. If 
Ay/, > 0, for n 2 n1 2 no, then, from (l), (5), and (6) we have, 
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for n 2 ni. Summing the above inequality, we obtain 
AYE an1 Ayn, 
f (zh) ’ an f (zh,) 
and a second summation yields 
--- (18) 
which contradicts (17), since the sum on the left side of (18) is nonnegative. 
If Ayn < 0, for n > nl, then we have from (18) 
M a,-$ t=n1+1 
or 
which is again a contradiction. A similar proof holds in case {y,} is eventually negative. 
REMARK. If, for the equation 
(n + 1)5/3 7/3 
A (n(n + l)Ay,_i) + 4(n + 1)4’3 + 
4(n2+2n+2)” 
Yn 
4 (1 + Y3 ’ n 2 1, 
we let f (y,) = Y;‘~, then Q (n, yn) /~i?~ L 4(n + 1)4/3, p (n, ynln, Ayn) /Y:‘~ 5 a and we see 
that all the hypotheses of Theorem 4 are satisfied. As was the case in the above example, the 
oscillatoriness of this equation is not discernible from previously known oscillation criteria. 
THEOREM 5. If conditions (4)-(7) and (11) hold, and 
limsup e (q9 
7X-W 5=710 
-P,) = 00, for all large no, (19) 
then all solutions of equation (1) are oscillatory. 
PROOF. Suppose that yn > 0, for n 2 ni 2 no E N; the proof in case yn < 0, for n 2 nr is 
similar and will be omitted. Since (11) holds, we see, from the proof of Theorem 2, that {Ay,} 
cannot change sign for arbitrarily large n. If Ayn > 0 for n 1 n2 for some integer n2 2 nl, then, 
from (14) and (19), we have 
a,Ay, 
lirm+iEf (Yn + I) = -00, 
which is a contradiction. Thus, Ayn < 0 for large n and we proceed as in the proof of Theorem 2. 
The following theorem concerns a special case of equation (l), namely, when a,_l G 1. 
THEOREM 6. Suppose that conditions (4)-(6), (11) and (13) hold, and a,-1 E 1. If 
lim sup 5 s (q9 - ~2,) = co, 
n-CC .S=?ZCJ 
for all large no, 
then all solutions of equation (1) are oscillatory. 
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PROOF. Let {y,} be a nonoscillatory solution of equation (1) with yn > 0 for n >_ no E N. 
Since (9) holds, we see from the proof of Theorem 2, that {Ayl,} cannot change signs for arbitrarily 
large n. If Ayn 2 0 for n >_ nl, for some integer n1 1 no E N, then, from (l), (5) and (6), we 
have 
so 
which contradicts (20). Thus, Ayn < 0, for n 2 nl. Condition (20) implies that there exists an 
integer n2 2 nl such that 
for all n 2 122. 
Multiplying equation (1) by n and using the summation by parts formula, we obtain 
cn + l)Ayn 5 (n2 + 2) Ayn2 + 2 AyS - 2 s f (yS) (qs _ P,) 
s=na+l s=nz+1 
n 
I (n2 + 2) Ayn2 - f(Yvx+1) c s(49 -Ps) 
+ 2 Af(Ys) 2 t(qt-pt) 
s=nz+1 ( t=nz+1 ) 
I (n2 + 2) A~nz, forall n>n2. 
Thus, 
~n+l _ Y,, + (722 + 2) Aynz 2 -& < --+ -co, as 72-+cQ, 
s=rQ 
which is again a contradiction. A similar proof will hold if {yin} is eventually negative. 
REMARK. Theorem 6 extends Theorem 4.1 of [l] and Theorem 1 of [5]. As an example, the 
equation 
A2yn_1 f 2 2 + 
n(n + 2) 
+ 4y; + 
1 Y: 
2Y; (1 + YA2 yi = 2 (1 + yZ>’ 
nZ1 
satisfies the conditions of Theorem 6. Here, we let f (yn) = yz and observe that 
Q(n,yn) _>2+ 2 
YZ n(n + 2) 
and P (n, yn, AYA I 1 
Y: 2 
The proof of the following corollary is similar to that of Corollary 3 and so will be omitted. 
COROLLARY 7. If u,-~ z 1 and (4)-(61, (11) and (20) hold, then all bounded solutions of 
equation (1) are oscillatory. 
THEOREM 8. In addition to conditions (4)-(7) and (13), assume that 
(21) 
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where 
n-l 
R(n, no) = c &. 
.?=no s 
Then all solutions of equation (1) are oscillatory 
PROOF. Let {Y,} be a nonoscillatroy solution of (1). Then {Yn} is eventually of constant sign, 
say for 7r 2 710 E N. If 
a,-lAY*-I 
zn= f(yn) R(n,no), 
then 
AYE 
Azn 5 -R (n, no) (qn - p,) + -, 
f (Y&l) 
for n>nc. 
Summing the last inequality from no to n, we get 
Taking into account the conditions (13) and (21), we conclude that 
lim 1~~1 = 4 d>O, and ynAyn < 0, for IZ 2 n1 2 no. 71-+00 
Without loss of generality, assume that yn > 0, which implies that Ayn 5 0 for n 2 121. Now 
define 
then 
wn = R(n, ni) a,-1 Ayn-1, 
Awn = R (n + 1, nl) A (an-1 Ayn-1) + (an-1 Ayn-1) AR (n, nl) 
5 -R (n + 1, nl) f(~ln) (qn -PA + Ayn-I, for 71 > 751. 
Summing the last inequality yields 
%+1 I wn, - 2 f (~3) R(s + 1, ni) (qs -P,) 
=w n1 - f (yn+l> c R (s + 1, nl) (qs -PA 
+ k Af (ys) 2 R(t + 1, 721) (qt -it) 
5=7X1 t=n1 
L wn, < 0, for n > 721. 
Thus, we get 
AYE L 
‘wn, 
= wn, 
AR(n+ 1, ni) 
a,R(n+l, 4 R(n+l,nl) ' 
for n>nr, 
which implies 
n AR(s+l, ni) 
Yn+i - Ynlnl + w,l c < 
9=7L1 
R (a _/_ 1, nl) ’ 
Now, taking into account the condition (7), we obtain lim,,, yn = -co which is an immediate 
contradiction. This completes the proof of the theorem. 
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REMARK. Theorem 8 is an extension of Theorem 4.2 of Kulenovic and Budincevic [2]. 
Once again, the following corollary is an immediate consequence of the above theorem. 
COROLLARY 9. If (4)-(7) and (21) hold, then all bounded solutions of equation (1) are oscillatory. 
REMARK. In order to further illustrate the relationship between the theorems in the paper, 
we note that the example following Theorem 1 also satisfies Theorem 5, but none of the other 
theorems in the paper. The example following Theorem 6 satisfies Theorems 1, 5 and 8, but not 
Theorems 2 and 4. Finally, the example following Theorem 4 does not satisfy any of the other 
theorems in this paper 
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